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ABSTRACT

The main purpose of this paper is to find The Artin Cokernel of the group (Q.mx C4), which is denoted by AC

(Qam %C4) where Q,p, is the Quaternion group and C, is the cyclic group of order 4 . We have also found the
general form of Artin's characters table of Ar(Q.nxC,4) and the Rational characters table when m is an odd
Number
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I. INTRODUCTION

The square matrix whose rows correspond to Artin's characters and columns correspond to the I'-
classes of G is called Artin's characters table . this matrix is very important to find the cyclic
decomposition of the factor group AC(G) and Artin's exponent A(G). In 1967 T.Y. lam [9] studied
A(G) extensively for many groups In 1981 C.Curits and I. Reiner[3] studied Methods of
Representation Theory with Application to Finite Groups. In 2008 A.H. Abdul-Munem [1] studied
the general from of Artin Cokernel of The Quaternion group Q.m when m is an odd number.

The aim of this paper is to find the general from of The Artin Cokernel, the Artin's characters table
and the Rational characters table of the group (Q2mx C4) when m is an odd Number.

Il. PRELIMINARIES

This section introduce some important definitions and basic concepts , The Artin characters table,
The Rational characters table the factor group AC(G) of a group G and the matrix M(G),

M(Q2m),P(Q2m) and W(Qzm).
Theorem1:[4]Let T,: Gi—GL(n,F) and T,: G,—GL(m,F) be two irreducible representations of

the groups Gy and G, with characters y ,and y , respectively then :
T,® T, isirreducible representation of the group G; x G, with the character y , -y , .

Theorem 2: [6] Let H be a cyclic subgroup of Gand h,, h,, ..., h,, are chosen as representative
for m-conjugate classes of H contained in CL(g) in G, then :
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1- Ce (@) § if h,eHANCL
(@)= 5= gy 2ot @

2- ¢'(@) =0 if HNCL(g) =¢.

Definition 1:[9] Let G be a finite group, all characters of G induced from a principal character of
cyclic subgroups of G are called Artin’s characters of G.

In theorem 2 , if @ is the principal character , then @(hi) =¢(1)=1, where h;e H

Proposition 1:[3] The number of all distinct Artin's characters on a group G is equal to the number
of I'-classes on G. Furthermore, Artin's characters are constant on each I'-classes.

Definition 2: [2] Artin’s characters of finite group G can be displayed in a table called Artin’s
characters table of G which is denoted by Ar (G).

The first row is the TI'- conjugate classes, the second row is the number of elements in each

conjugate classes, the third row is the size of the centralize |C4(CL,)| and the rest rows

contain the values of Artin’s characters.
Theorem 3: [1] The Artin’s characters table of the Quaternion group Q2m When m is an odd number
is given as follows :

Table 1 Artin's characters table of the Quaternion group Q.m when m is an odd

number

I'- classes | I'- classes of Cop,

X2I’ XZI’+1 [y]
CL,| 1 2 |...]12 1 |2 [(...]12 |2m
Co.CL) |4m |2 [...]|2m [4m|2 |...|2m|2

m

D, 0
®, 2Ar(Com) 0
O, 0
D, , m 0 0 no 0 1

where 0 <r>m -1, | is the number of I'-classes of C,,, and @ ; are the Artin characters of the

quaternion group Qam , for all 1 < i< [+1.
Definition 3:[7]A rational valued character® of G is a character whose values are in Z, which is
0(g)e Z, for all geG.
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Corollary 1:[8]The rational valued characters 6 j = Zo—(;(i) form the basis for R (G),
oGl Q (x) Q)

where y i arethe irreducible characters of G, and their numbers are equal to the number of
conjugacy classes of cyclic subgroup of G .

Definition 4: [8] The complete information about rational valued characters of a finite group G is
displayed in a table called rational valued characters table of G. We refer to it by =(G) which is
nxn matrix whose columns are I'-classes and rows which are the values of all rational valued
characters of G, where n is the number of I'-classes.

Definition 5:[8] Let T(G) be the subgroup of R (G) generated by Artin's characters .T (G) is normal
subgroup of R (G) and denotes the factor abelian groupﬁ (G)IT(G) by AC(G) which is called Artin
cokernel of G.

Definition 6:[7] Let M be a matrix with entries in a principal domain R. A k-minor of M is the
determinant of kxk sub matrix preserving row and column order.

Definition 7:[7] A k-th determinant divisor of M is the greatest common divisor (g.c.d) of all
the k-minors of M.This is denoted by D, (M)

Lemma 1:[7] Let M, P and W be matrices with entries in a principal ideal domain R, let P
and W be invertible matrices ,Then D , (P M W)= D, (M) module the group of unites of R.
Theorem 4:[7] Let M be an n x n matrix with entries in principal ideal domain R, then there exist
two matrices P and W such that:

1. P and W are invertible.

2 PMW=D.

3. D is diagonal matrix.

4

if we denote D ;; by d; then there exists a natural number m ; 0 <m < nsuchthat j>m

impliesd? =0and j<m impliesd =0 and 1<j<m impliesd ! |d .
Definition 8:[7] Let M be matrix with entries in a principal domain R, be equivalent to a matrix D

=diag{d,,d,,....dm,0,0,...,0} suchthatd ; |d;, for1< j<m

We call D the invariant factor matrixof M and d,, d,, ... ,dm the invariant factors of M.
Theorem 5:[7] Let K be a finitely generated module over a principal domain R, then K is the
direct sum of cyclic sub module with an annihilating ideal <d,>, <d , >, ... ,<d,>, d ; |d
=1,2,...,K-1.

Proposition 2:[8] AC(G) is a finitely generated Z- module .Let m be the number of all distinct I'-
classes then Ar(G) and =*(G) are of the rank 1. There exists an invertible matrix M(G) with entries
in rational number such That: =*(G)=M"(G).Ar(G) and this implies M(G)=Ar(G).(=*(G))™
Theorem 6:[5] AC(G) = 6'90di where d; =+D,(G) / D,,(G) where | is the number of all

for j

j+1

distinct T"-classes.
Corollary 2:[8] |AC(G)| =| det (M(G))]
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Lemma 2:[8] If A and B are two matrices of degree m and t respectively, then:

det (A®B) = (det (A))". (det (B)) ™.

Lemma 3:[8] Let A and B be two non-singular matrices of rank | and m respectively, over a
principal domain R and let:

P,AW. = D(A) =diag{d,(A),d, (A),.. ,d, (A)} and P, AW, = D(B) = diag{d,(B).d, (B),...d,
(B)}The invariant factor matrices of A and B then:

(P,®P,)(A®B)(W,®W,) =D(A) ® D(B)

and from this the invariant factor matrices of A ® B can be obtained.

Proposition 3:[5] Let H; and H, be p;and p, - groups respectively where p; and p, are distinct
primes and if M; is the matrix from all cyclic subgroups of R (H;) basis and M is the matrix
which expresses the T(H,) basis terms of R (H2) basis then the matrix which expresses the T (H
X H, ) basis of E(Hl X H, ) basis isM,®M, .

Proposition 4:[1]If m= p/*.ps2....... p.»where g.c.d(pi,pj)=1 , if i#j and p; 'sare primes numbers,

1

and on any positive integers, then the matrix M(Q2m) of the quaternion group Qzm is :

1 11|21

M(Qar)= : ok
2R(C,) : 2R(C,) : :

1 1|1

O O O 1|0 O O 1|1
1/0 O O 1|0

1/0 O : 1]0

2R(C,) Dl : . : : :

1,10 O O 1|0

O O O 1|0 O O 1|0
|1 1 1 1|0 O 0O O0]|O0]

Which is [2(ay+1).(az+1)....(an+1)+1]%[ 2(ag+1).(az+1)....(an+1)+1] square matrix, where R(Cp,)
is the matrix which is obtained by omitting the last row {0,0,...,0,1}and the last column
{L1,...,1}from the tensor product, mc“)®M(EC*)®..Mm@cc=) Where M(Cn ) is of

p p p

order,[(a1+1).(0p+1)....¢ant1)]X[ (a1 t1).(02t1)....(an+1)] SqQuare matrix

Proposition 5:[1]If m is odd then the matrix P(Q2m) and W(Q2r) are taking the forms:

0 00 - 00 0] 0

0 00 - 00 0|0

P(C,) -P(C,) 5 Poroen I, :

0 00 00 00

0 0 0 0 0|-1 -1 -1 -10]1

P(Qu)=|0 0 0|W(Q,,)= 0/0 0 - 0 0|0
00 0 0/0 0 - 0 0|0
P(Cm) : I : . [ : . :

0 0 0|0 0o

0 00 00[1 1 1 1|-1
00 00 0 0/1] 0 0 0 1|0 0 0
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Where k= (o t1).(agt1)....(ant1)-1.they are [2(ogt1).(02t])....(0n+1)+1] X[
2(01t1).(02t1)....(an+1)+1] square matrix.

1. THE MAIN RESULTS
In this section we find the general form of The Rational characters, The Artin's characters table and

The Artin Cokernel of the group (Qzmx C4) when m is an odd number .

Proposition 6:The rational valued characters table of the group (Q2m*C4) when m is an odd number
is equal to the tensor product of the rational valued characters table of Q2n when m is an odd

number and the rational valued characters table of C4 that is: =(Q,, xC,) ==(Q,,) ®=(C,) .

Proof :-

Table 2 The rational characters table of C,
Cs={l,c,c?c} h/ h, h!
Since ;(C4) = 7 2 -2 0

7 1 1 -1
7z 1 1 1

h/={(D}, h;={cZ}, hy={c,c’} then,

x(h) =6/(h)) =2

x(h;)= 6/(h;)=-2

xi(hy) = 6/(h;) =0

2:(h) = x;(hy)= 63(h)) = 6;(h;) =1

2:(h;) = 6;(hy) =-1

2:(0) = x3(h;) = x5(hy) = 6;(h)= G5(h;) =65(h;) =1
From the definition of Q.mxCy,

and Theorem(1.3) we have

=(Q2m*C4) = (=Q2m) ® (=Ca4)

Each element inQ,mxCy

hng =h, -hé vh, € Qom, hg' e Cq,

n=123,...4m, g e{l,c,c% c’},

each irreducible character of Q,,xCy is

Xii)=Xi X where y; is an irreducible character of Qam

27() if j=1and ge{l}
-2x(h,) if j=1 and ge{c’}
Ox(h) if j=1and ge{cc®}
() if j=2 and ge{l,c%}
-x() if j=2 and ge{c,c’}
x(h) if j=3 and geC,

and y; is the irreducible character of C,,then
Z(i,j)(hng) =

From Corollary (1.2)
18
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Oipy = Z a(;g(iyj))where 6 ;) is the rational valued character of QzmxC, Then,
oeGal (Q (¥ j))/Q)

e(i,j) (hng ): Z O-(Z(i,j)(hng ))
o<Ga Q (77 ) (Mg )/Q)
(D (@) If =land g {1}

60 (0 )=8,(h )= Y ort)=2 Y oz h)=6(h,).2
oeGal Q (x (h,))/Q) oeGal (Q (x (h, )/Q)

=6,(h,). &;(h})
(b) If j=1and g e{c’}
0, (h)=  2o2rt)=-2 Y o(x(h,)

oeGal(Q(x, (h,))/Q) oeGal (Q (7 (h,))/Q)

=0i(hn) ' _2:0i(hn) . ej(hg;)

(c) ifj=1and g e{c’}

0, (h)=  200r(M)=0  Yo(rh)=6(n).0=6(h).6h)
oeGal(Q(x, (h,))/Q) oeGal(Q(z (h))/Q)

where @, is the rational valued character of Qzm .

(1) () If j=2 and g <{I,c*}

e(i,j)(hng): Z O-(Zi(hn))ZHi(hn)'1:9i(hn)'eg(hé)
oeGal (Q (7 (h,))/Q)

(b) If j=2and g e{c,c*}
Gi ;) (hyg )= > o-xnh)N=- o(x (h,))

oeGal (Q (1 (hy))/Q) oe<Gal (Q (1 (hy)/Q)
= Y o(zh).1=6(h,) 1=

ocGal (Q (7 (n, )/Q)
6,(h,).0;(h;) .
() 1f j=3 and g Cy4

O (he)= > olr()=6(h,).1=6(h,). 6(h;)
063 Q 7 (n)/Q)

From [I], [11] and [111] we have
iy =6.0; .

Then =(QanxCs) = =(Qam) ®="(Cs).
Example 1: To find = (Q10xC4)by using the Proposition 6 we get the following table:
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8 -2 8 -2 0 -8 2 -8 2 0 0O 0 0 0 O]
2 2 2 2 2 -2 -2 -2 -2 -2 0 0O 0 0 O
8 -2 -8 2 0 -8 2 8 -2 0 0 0O 0O 0 O
2 2 2 2 -2 -2 -2 -2 -2 2 0 0 0 0 O
4 -4 -4 0 -4 -4 4 4 0 0 0 0 0 O
4 -1 4 -1 0 4 -1 4 -1 0 -4 1 -4 1 0
11 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1
4 -1 -4 1 0 4 -1 -4 1 0 -4 1 4 -1 0
1 1 1 -1 1 1 1 1 -1 -1 -1 -1 -1 1
2 -2 -2 0 2 2 -2 -2 0 -2 -2 2 2 0
4 -1 4 -1 4 -1 4 -1 0 4 -1 4 -1 0
11 1 1 1 1 1 1 1 1 1 1 1 1 1
4 -1 -4 1 0 4 -1 -4 1 0 4 -1 -4 1 0
11 1 1 -1 1 1 1 1 -1 1 1 1 1 =1
2 2 -2 -2 0 2 -2 -2 0 2 2 -2 -2 0

Proposition 7: The If m= p/*.p,2....... ~wwhere g.c.d(pi,pj)=1 , if i# and p; 'sare primes numbers,
and on any positive integers, then the Artin's characters table of the quaternion group (Qzm*Cy) is:

Table3 Rational characters table of the Quaternion group Qzmwhen m=2"h € z*

I'- classes of (Qzm)x{I} I'- classes of I'- classes of (Qaom)x{z}
(QZm)X{ZZ}

I~ L1 ooy ) D Itz 002 e Iz 2oy | K|l | ZEE py g

classe

S

CL,| 1 1 J 2| m|1l 1 o 2 m | 1 1 || 2 m

)| 16 | 16| . 8 | 16 | 16 | 16 8 16 | 16 16 |- | 8 16
m |m m m |m m m m m

D1

@(2,1) 4Ar(Q2m) 0 0

D 1)

D1,

1)

D 2)

Dp2)

! 2Ar(Qzm) 2Ar(Qz2m) 0

D 2)

D1,

2)

D 3)

Dz | Ar(Qam) Ar(Qzm) Ar(Qzm)

D 3
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D1,
3)
which is [6(r1+1)(rz+1)---(rn+1)+3]%x[6(r1+1)(r2+1)---(r+1)+3] square matrix
Proof : Let g€ (Qm*Cs) ;9=(q,1) or g=(q,2)

or g=(q,2%)or g=(0,2°) q €Qum,1,2,2°,2°E€ Cy4

Case (I):
If H is a cyclic subgroup of Qzm X {1},then:
1L.H=((x,1)) 2. H=((y, D))

And p the principal character of H, ®; Artin characters
of Qzmwhere 1< j <1+ 2 then by using Theorem 2

1. H=((x,1))

Q) If g=(1,1) and geH

Co.n-c. (9) 4o,
Dy (A1) =2 p(g) - _1om_ 4dm e T oy 40 @
“ |CH (g)| ‘CH(IIl)‘ ‘CH (l’l)‘ ‘C<X>(l)‘ #0 J()
since H NCL(1,)={(1,)}
iy ifg="Dand gen
Copc, (9)

@1 (9) = (g)

00" e @) 7

16 44 4C,, (X")
_ten a4 0(g) = 40,(x")

C@ @ e, oM
since H NCL(g)={g}.¢(g)=1
(iii) ifg=(x'",1),i#mand i # 2mand geH

®-1(9)=w-(¢(9)+¢(91»= om (1+1):ﬂ(1+1):4\%2m(q)\ (0(9)+ (g ™)) = 4D (q)

G ICw (o) Cu(0) Cula) Co@ 7 o
since HNCL(g )={g.g "'} and @(9)=(g )=1,9=(q,1),9€ Qom and g x™ 1.
(iv) if g & H Since HNCL(g)= 1/
2. H=((y, D) ={(@1),(y. ). ). (/" D}
(i)  Ifg=(L]) HNCL(1,h={(1,I)}

[Capec, (9) _16M 4 (1
CD(HLI)(g)_W.@ 9) 4 . m : I+1()
(i) If g=(x",1)=(y*) and ge H
) _16M a4 (k"
CD(HM)(g)_W.(D(g) 4 : m : I+1(X )

Since HNCL(g)={g} .¢(9)=1
(i)  g=(y,1) or g=(y*,1) and geH
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Cq,..c, (9) 16
QumxCy -1
() = + =—.(1+1)=42=49D
s (9) . (0) (p(9) +9(97)) 2 @+2) ()

since HNCL(g )={g,¢"'} and @(g)=(g *)=1
Otherwise

®.,,,(9) =0 since HNCL(g)=0
Case (11):

If H is a cyclic subgroup of Qam x {z°},then:

1.H=((x,))= <(x, 22> 2.H=((y,]) = <(y,zz>)

And ¢ the principal character of H, ®; Artin characters of Qamwhere 1< j <1+ 2 then by using
Theorem 2

1. H=((x, D)) = <(x, 22>

(i)  Ifg=(1,1) or g=(1,z%) and geH
Caec, (@) 16m 44m . 4Cq, )

D, ,(@1L1))= = 1= 1= p(1) =20 (L
since HNCL(1,)={(1,1),(1,29)}
(ii) if g=(x",l)and ge H
|CQ xC (9)| 16m 4.4m 4‘CQ (Xm)‘

D (9)=—"—F-—9(9) = d=— A= - . =20, m

@O e @l Y @ @l 2, 0 N T
since H NCL(g)={g}.¢(g)=1
(i) ifg=(x',1),i#mand i # 2mand geH

‘CQZ ><C4(g) 4 8m 4.2m 4‘CQ m(q)‘
D, ,(0) =2 : = 1+1) = L+)=—" . =20,
42(9) . (p(9)+9(g7) c. (g)‘( +1) . (0) @+1 2., @) (@(9) + (g 7)) =2.0,(q)

since HNCL(g )={g.g"'} and ©(g)=(g *)=1,9=(q.1).0€ Q2n
and q=x",q=1

(iv) ifg2H Since HNCL(g)= ¢

2. H=((y, D) ={(@,0,(v.), ("D, 1), (1, 2., 2.y, 29,2}

(i) Ifg=(1,1) or g=(1,2%) HNCL(1,D)={(1.), (1,2)}
Cope (@ . i6m .
D12 (9)= W o(9) = ?-1— 2m=2.0,(1)

D, (9)=2.0=2;(q)
Gi) If g= (x",1)=(y*1) or g=(y*,z%) and ge H

Couc. @ 16m

D .15(9) = |CH(g)| (p(g)=?.1=2m=2.®,ﬂ(xm)
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Since HNCL(g)={g} ,¢(g)=1
(i) g=(y,I) or g=(y*1) or g=(y,2%) or g=(y*, z>) and geH
Co,c. (@)

@

since HNCL(g )={g.¢"} and (9)=(g =1
Otherwise

q)(m,z) (9) =0 since HNCL(g)=

Case (111):
If H is a cyclic subgroup of (Q2mX {z}),then:

1LH=((x,2))= <(x,22)> =<(x,z3)>

2. H=(r,2)) = ((v.2%)) = ((v.2))

And ¢p the principal character of H, @; Artin characters of Qzm where 1< j <1+ 2then by using
Theorem 2

D12 (9) = (p(9) + (/)(9*1))——(1+1) 22=2.0,(y)

1L.H=((x, 2))
(i) If g=(1,1) or g=(1,2)or g=(1,z%) or g=(1,z% and geH
Co,c. (9) 16m 4.4m 4cQ )
D5 (9) = = 1= 1="""—0pl) =0,
(5 (9) IC., @ 1) #(9) CL @) \Cw»(l,l)\ 1)\ o0)=0,8)

since H NCL(g)={(1,1),(1,2),(1,2),(1,2°)}
(i) 1f g=(1,1) or g=(x",1) or g=(x",z) or g=(1,z)or g=(x",z* ) or g=(1,z%)or g=(1,2%) or g=(x",2° )
and geH
(@) if g=(1,1) or g=(1,2) or g=(1,z%) or g=(1,z°) and geH.
Co,,xc , 4c, (1
Capnc, (9) () 1M 4dm Co,, @) o= @)

Ch (9) Ca@ ™ [Cm@) 4,0
since H NCL(g)={g},¢(9)=1
(b)If g=(x",1) or g=(x",z) or g=(x",z%) or g=(x™,z* ) and geH

16m 4.4m 4‘ sz )‘

Couc (@) o(9) = 1= 1= P(x") = @, (x")
Cn (9) Cat@)™ Cut@l™ dc, |

since H NCL(g)={g}.¢(g)=1
Gii) 1Fg={(x", 1), (X', 2), (X", 2%), (X', 2*)},i#=m, i£2m and geH

cD(j,S)(g):

cD(j,a)(g) =

Cq..c. (9)

Cy (9))

cD(j.3)(g):

(@) + @) =M A11) 4o
ICy (9 )\ .
C., (9)

since HNCL(g )={g.g"'} and ©(g)=(g *)=1,9=(0,2)=(0,2°),9€ Qzm and q#X" g1
Q) if ggH Since HNCL(g)= ¢

CI)(j,) (g) =0

G
(@]
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2. H= ((v,2)) =H@D.D.WD.WDL2.62.0°2.0°2), (L2292 2,

1.29),(.2).(Y"2).(y’ )}
G If g=@l or g=12 o g=(1,2% ) or g=(1,22 )and geH

HNCL(g)={(1.1),(1,2),(1,2°) ,(1,2°)}

_ ‘CQmeC4 (g)‘ _ 16m o
D ,15(9) = W'(P(g) = F'l_ m=.®, (1)
(i) 1f g= (x",1)=(y".1) or g= (v*,2) or g=(y*,2°) or g=(y*,z°) and g€ H
e @ tem. i
D ,15(9) = m'(ﬂ(g) = Ell_ m=a®d,,(x")

Since HNCL(g)={g} ,¢(9)=1
(i) g=(y.1)or g= (y.2)or g=(y,z°) or g=(y,z") or g=(y*,1,)or
9= (y°2) or g= (y*,2%) or g= (y*,2°) and geH

Cq,..c, (9)
Py (@) = “2 L (p(0) + (g 1) = 2.1+ = 2= Dy, ()
C (9)] 16

since HNCL(g )={g.¢"'} and @(g)=¢(g *)=1
Otherwise

D.,45(9)=0 since HNCL(g)=0
Example 2: To find Ar (Q10%C4)by using the Proposition 7 we get the following table
[40 © 0O 0 0 O O 0 00O O O O 0 O]
2020 0 00 0 0 0 00 0O 00 0O
8 0 8 00 0O O 0 0O O OO OO
4 4 4 40 0 O 0 0O0 0 O0O0O0O
20 0 200 4 0 0 0 00 O 0 0 0 O
20 0 0 0020 0 0 00 0 00 0O
10 10 0 0 0 10 10 0 0 0 O 0 0 0 O
4 0 4 0 0 4 0O 4 00 O OO OGO
2 2 2 20 2 2 2 2000000
10 0 10 0 2 10 0 10 0 2 0 0 0 0 O
10 0 0 0 0 10 0 0 0 0 10 0 0 0 O
5 5 0 00 5 5 0 00 5 5000
2 0 2 00 2 0 2 00 2 0200
1 1 1 10 1 1 1 10 1 1110
5 0 5 01 5 0 5 01 5 05 0 1]

Proposition 8: If m= p/*.p2....... p.»where g.c.d(pi,pj)=1 , if i# and p; 'sare primes numbers, and
a, any positive integers, then the matrix M(Q2m*C,4) of the quaternion group (Q2mXCy) is:

M(Q.,) | M(Q;,) | M(Q,y)
M (sz x C4) = 0 M (Q2m) M (sz)
0 0 M (Qzn)

which is [6(r1+1)(ro+1)-(ra+1)+3]x[6(r1+1)(rp+1)---(r,+1)+3] square matrix M (Q2m) is similar to
the matrix of the proposition 4 .
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Proof :By Proposition 7 we obtain the Artin's characters Table Ar(Q.nxCy) of the group (Q2mXxCa)
when m= p/*.py2....... p an € Z* and p; is prime number and from the Proposition 6 we get the
rational valued characters table (=@, xc,)) of the group (Q2nxCs) when m= p/.py2....... por
,an € Z" and p; is prime number.

Thus, by definition of M(G) we can find the matrix M(Q2mxCs) when p;*.py2....... p ,an € Z" and
pi IS prime number.

* L M@ M@ [M@,)
M@z xCa) = Ar(Qen ¥C.) - (H(Qun ¥Ca) ™ _| ™0 [ M(Qun) | M(Qua) |~ M(Qun xC.)
0 0 M (Q,,.)

Example 3:Consider the group (Q10%xC,), we can find the matrix M(Q10%C4) by using:
(2 1 2 1 1 1 2 1 1 2

M (Qyp xC,)=Ar(Q, xC,) '(;Qlo ><(:4)71 =

OO O0OO0OO0OFR OOONPROOON
PRRPRPRRPRRRRRRRRRRER
OO O0OONOOOONOOOON
OFRRPRPRRPRORRRRLRORERLERER
OO0 O0OO0OFrRrR OO0OO0OO0ORFR OO0OO0R PR

O 0O 0000000 O0OFr ooo
O 0O 00000000 FrR PR
O OO O0OO0OO0OO0OO0OO0OO0OOoOOoOOoOOo
O 0O 000000000 Pr Pk
O OO0 0000000 O0OO0OOo P
OO0 O0OO0OO0OPRFRRFRPFPRFRPRFRPPFPPRPPRLPR
O OO0 O0OO0OO0DO0OO0OO0ONOOOOo
OO0 O0OO0OO0CO0OFrRPFPRFPPFPOPRLPRLPR
OO0 O0OO0O0O0ODO0OO0OFrR PF OOOR
P OO ONPFPOOONER OODO

Proposition 9: If m= p;*.p2....... p.»where g.c.d(pi,pj)=1 , if i#j and p; 'sare primes numbers, and

an any positive integers, then the matrices P(Q2m*Cy4) and W(Q2mxCy) are taking the forms .

0 0 P(Q;n)
P(sz x C4) = I: 0 P(sz) - P(sz)]
P(sz) - P(QZm) 0
Which is [6(r1+1)(rp+1)---(rn+1)+3]x[6(r +1)(r+1)---(r+1)+3] square matrix .
And

W (Q,.) 0 0

W(Q,,, ><C4){ 0 W(Q,,) 0 }
0 0 W(Q;n)

which is [6(r1+1)(ro+1):--(ry+1)+3]%[6(r1+1)(rp+1):--(rn+1)+3] square matrix .
Proof :
By using the proposition 8 taking the matrix M(Q.mxC4) and the above forms P(Q.m*xC,4) and
W(QZmXC4) then we have : P(QZmXC4). M(szXC4). W(szxC4) =
diag { 2222,---,2 111111111}

%/—/
[6(r,+1)(rp+1)--+(r, +1)—6]-time

=D(Q2m*Cs)
which is [6(r1+1)(ro+1)--+(rn+1)+3]%[6(ry+1)(r2+1)---(r,+1)+3] square matrix .
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Example 4: To find the matrices P(Q10%xCs) and W(Q10xCs) by the proposition 5 to find P(Q1o)
and W(Qupo) :

00 0 000 0 O O O 1 -1-11 0] [00 1 0 000 0O OO0 0O OO0 0]
00 0 00O OO OO OO0 0 1 0 -10 00-1010000000TO0O0 O
00 0 00O O OO OO OO 0 0 1 -10 10 0 0 0 00 0 0O O 0O O O O
0o 0 0 00O O OOTU OOTOUOTUOTI1I O 001 1 -100 0 0 0 O0OOTUOTFTO
00 0 00O O O OO0 0 0 0 0 1 01 00 0O0O0UO0OUOOO0O0TU 0O 0O
00 0 001 -1-11 0-11 1 -10 000 O0O0O0O0T1TU0TO0O0O0TUO0TO 0O
00 0 0O0OO0O 1 0 -10 0-10 1 0 00 0 O0O0O0O0-101002000
P(QyxC,)=/0 0 0 0 0 0 0 1 -1 0 0 0 -1 1 0| and W(QyxC,)=/0 0 0 0 0 1 0 0 0 0 00 0 0 O
00 0 00O O O 1 0 0 0 0 -10 000 O0O0O0O0T1T1-1002000
00 0 00O O OO OO 1 0 0 0 0 -1 00 0 O0O0O01O0O0O0O0O0TU 0O 0O
1-1-110-11 1 -1 0 0 0 0 0 O 00 0 0O 0 00 O O O OOT1 o0 O
01 0 -100 -10 1 0 0 0 0 0 O 00 00 O0O0O0TUO0O OO0 O00O0-10 1
00 1 -100 0 -11 0 0 0 0 0 O 00 0O0O0O0O0UO0OU OO 10000
00 0 100 0 0 -100 020 0 O 000 O0O0OO0TGO0OO0OOOO0 1 1 -1
0 0o 0o 0100 00 -100 0 0 O] oo 000 0O0O0OOOT 01 0 0 O]
And by the proposition 9 then:
0 0 P(Qy) W (Qy) 0 0
P(Qlo X C4) = 0 P(Qlo) - P(Qlo) and W(Q1o ><(:4) = 0 W(Qlo) 0
P(Qlo ) - P(Qlo ) 0 0 0 w (Qlo )

Example 5: To find D(Q10%C4) and the cyclic decomposition of the factor group
We find the matrices P(Q10%XCs) and W(Q10%C4) as in example 4 and M(Q10xC,) as in example
3,then:
P(Q10%C4).M(Q10%C4).W(Q10%Cy)=
diag{2,2,2,2,2,2,1,1,1,1,1,1,1,1,1}=D(Q10%Cy4)
Then by Theorem 6 we have

6
AC(D(Q10xCy)= ie:alcz

The following theorem gives the cyclic decomposition of the factor group AC(D(Q2m*xC4)) when
m= p;*.py%....... p.»where g.c.d(pi,pj)=1 , if i#j and p; 's are primes numbers, and o, any positive
integers, .

Theorem 6: If m= p;*.py2....... p.»where g.c.d(pi,p;)=1, if i#j and p; 'sare primes numbers, and o

any positive integers, then the cyclic decomposition of AC(Q2mXCy) is :
6(r+1)(ry+1)---(r, +1)—-6

AC(D(Q2mxC4))= D C,

i=1
Proof : By using the proposition 8,we can find matrix M(Q.m*C,4) and by the proposition 9,we find
P(Q2mxCs) and W(Q2mxCs) When p=.py2....... p.»where g.c.d(pi,pj)=1 , if i# and p; 's are primes
numbers, and o, any positive integers:
P(Q2m*Cys). M(Q2mxCs). W(Q2mxCa)=
diag{2,2,2,2,2,2,...,2,2,2,1,1,1,1,1,1,1,1,1}

Then ,by the theorem 6 we have :
6(r+1)(ry+1)---(r,+1)—6

AC(D(Q2mxC4))= D C,

i-1
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Example 6: Consider the groups (Q17718750%C4) ,(Q12250%C4),then :

414

1 ac (Qugso xC,)=AC (Qz.a"ls6 xC,)= 2 C,

66
2. AC(Quu xC,)=AC(Q XC4):§1C2

2.7%5°
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