
International Journal of Technology, Science and Engineering                                        ISSN: 2457-1016 
 

Vol. 3, Issue I, Jan-Mar, 2020                  http://www.bharatpublication.com/journal-detail.php?jID=25/IJTSE 
 

 

14 

 

BHARAT PUBLICATION 

 

 

ON ARTIN COKERNEL OF GROUP (Q2M×C4) WHEN M IS 

AN ODD NUMBER 

 

Rajaa Hasan Abbas 

Department of Mathematics, Faculty of Education for Girls, The University of Kufa, Iraq. 

  

 

ABSTRACT 

The main purpose of this paper is to find The Artin Cokernel of the group (Q2m C4), which is denoted by AC 

(Q2m ×C4) where Q2m is the Quaternion group and C4 is the cyclic group of order 4 . We have also found the 

general form of Artin's characters table of Ar(Q2m×C4) and the Rational characters table when m is an odd 

Number 

 Key word: Quaternion group, the cyclic group, Artin's characters, Artin's characters table, the Rational 

characters table and Artin Cokernel .  
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I. INTRODUCTION 

The square matrix whose rows correspond to Artin's characters and columns correspond to the Γ- 

classes of G is called Artin's characters table . this matrix is very important to find the cyclic 

decomposition of the factor group AC(G) and Artin's exponent A(G). In 1967 T.Y. lam [9] studied 

A(G) extensively for many groups In 1981 C.Curits and I.  Reiner[3] studied Methods of 

Representation Theory with Application to Finite Groups. In 2008 A.H. Abdul-Munem [1] studied 

the general from of Artin Cokernel of The Quaternion group Q2m when m is an odd number. 

The aim of this paper is to find the general from of The Artin Cokernel, the Artin's characters table 

and the Rational characters table of the group (Q2m C4) when m is an odd Number. 

II. PRELIMINARIES 

This section introduce some important definitions and basic concepts , The Artin characters table, 

The Rational characters table  the factor group AC(G) of a group G and the matrix M(G), 

M(Q2m),P(Q2m) and W(Q2m). 

Theorem1:[4]Let T
1
: G1→GL(n,F) and T

2
: G2→GL(m,F) be two irreducible representations of 

the groups G1 and G2  with characters   and   respectively then  : 

 T
1

T
 
is irreducible representation  of  the  group G1 G2 with the character    . 

Theorem 2: [6] Let H be a cyclic subgroup of G and h
1
, h

2
, … , h m  are chosen as representative  

for m-conjugate classes of H contained in CL(g) in G, then :     

  

1 2


2

 1  2

 

 

F 
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1-   



m

i

i

H

G
h

gC

gC
g

1

)(
)(

)(
)(   if    h i  H  CL (g)  

 2-   (g) = 0                           if     H  CL (g)  =  . 

Definition 1:[9] Let G be a finite group, all characters of G induced from a principal character of 

cyclic subgroups of G are called Artin’s characters of G. 

In theorem 2 , if φ is the principal character , then φ(hi) =φ(1)=1,   where hi ∈ H 

Proposition 1:[3] The number of all distinct Artin's characters on a group G is equal to the number 

of -classes on G. Furthermore, Artin's characters are constant on each -classes.     

Definition 2: [2] Artin’s characters of finite group G can  be  displayed  in a table called Artin’s 

characters table of G which is denoted by Ar (G). 

The  first  row  is  the  - conjugate  classes, the  second row is the number of elements  in  each  

conjugate  classes,  the  third  row  is  the  size  of  the centralize )( CLCG  and the rest rows 

contain the values of Artin’s characters. 

Theorem 3:  [1] The Artin’s characters table of the Quaternion group Q2m when m is an odd number 

is given as follows : 

Table 1 Artin's characters table of the Quaternion group Q2m when m is an odd 

number 

" 

 

 

 

 

 

 

 

 

where 0 ≤ r ≥ m -1 , l is the number of Γ-classes of C2m and  j  are the Artin characters of the 

quaternion group Q2m , for all 1  j l+1."                                                         

Definition 3:[7]A rational valued character of G is a character whose values are in Z, which is 

(g) Z, for all gG. 

- classes - classes of  C2m  

x
2r 

"x
2r+1" 

[y] 

 1 2 … 2 1 2 … 2 2m 

)(
2 CLC

mQ
 4m 2

m 

… 2m 4m 2

m 

… 2m 2 

   

          2Ar(C2m) 

0 

 2  0 

┇ ┇ 

 l  0 

 1l  m 0 … 0 m 0 … 0 1 

CL

1
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Corollary 1:[8]The rational valued characters  i = 
 )/)((

)(
QQGal

i

i

 form the basis for R (G), 

where   i  are the  irreducible  characters  of  G,  and  their  numbers  are  equal  to the  number of 

conjugacy classes of cyclic subgroup of G . 

Definition 4: [8] The complete information about rational valued characters of a finite group G is 

displayed in a table called rational valued characters table of G. We refer to it by 


 (G) which is 

nn matrix whose columns are -classes and rows which are the values of all rational valued 

characters of G, where n is the number of -classes. 

Definition 5:[8] Let T(G) be the subgroup of R (G) generated by Artin's characters .T (G) is normal 

subgroup of R (G) and denotes the factor abelian group R (G)/T(G) by AC(G) which is called Artin 

cokernel of G.    

Definition 6:[7] Let M be a matrix with entries in a principal domain R. A k-minor of M is the 

determinant of kk sub matrix preserving row and column order. 

Definition 7:[7] A k-th determinant divisor of  M is the greatest common divisor (g.c.d) of all 

the k-minors of M.This is denoted by D
k

(M) 

Lemma 1:[7] Let M, P and W  be  matrices with  entries  in   a principal  ideal domain R, let  P  

and W be invertible matrices ,Then D k (P M W)= D k (M) module the group of unites of  R. 

Theorem 4:[7] Let M be an n  n matrix with entries in principal ideal domain R, then there exist 

two matrices P and W such that: 

1. P and W are invertible. 

2. P M W = D. 

3. D is diagonal matrix. 

4. if we denote D ii  by d i  then there exists a natural number m ; 0  m  n such that  j > m 

implies d j  = 0 and  j  m  implies d j  0  and  1  j m   implies d j |d 1j . 

Definition 8:[7] Let M be matrix with entries in a principal domain R, be equivalent to a matrix D 

= diag {d
1
, d

2
, … ,d m , 0, 0, … , 0} such that d j |d 1j  for 1   j < m 

We  call  D the invariant  factor  matrix of  M  and  d
1
, d

2
, … ,d m  the invariant factors of M. 

Theorem 5:[7] Let  K be a finitely generated module over a principal domain R, then K is the 

direct sum  of cyclic sub module with an annihilating ideal <d
1
>, <d

2
>, … ,<d m >, d j |d 1j  for  j 

= 1, 2, … , K-1. 

Proposition 2:[8] AC(G) is a finitely generated Z- module .Let m be the number of all distinct Γ-

classes then Ar(G) and ≡*(G) are of the rank l. There exists an invertible matrix M(G) with entries 

in rational number such That:    ≡*(G)=M
-1

(G).Ar(G) and this implies M(G)=Ar(G).(≡*(G))
-1

 

Theorem 6:[5] AC(G) = 



l

i 1

C
id  where  d i = D i (G) / D 1i (G)  where  l  is  the  number  of  all 

distinct -classes. 

Corollary 2:[8] )(GAC  =| det (M(G))| 
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Lemma 2:[8] If A and B are two matrices of degree m and t respectively, then: 

det (AB) = (det (A))
t
. (det (B))

m
. 

Lemma 3:[8] Let A  and  B be two non-singular matrices  of  rank l and  m  respectively, over a 

principal domain R and let: 

P
1
AW

1
= D(A) =diag{d

1
(A),d

2
(A),.. ,d l  (A)} and P 2 AW

2
= D(B) = diag{d

1
(B),d

2
(B),..,d m  

(B)}The invariant factor matrices of A and B then: 

(P
1
 P

2
) (A  B) (W

1
W

2
)  = D(A)  D(B)  

and from this the invariant factor matrices of A  B can be obtained. 

Proposition 3:[5] Let H1 and H2 be p1and p2 - groups respectively where p1 and p2 are distinct 

primes and if M1 is the matrix from all cyclic subgroups of  R (H1) basis and M2 is the matrix 

which expresses the T(H2) basis terms of R (H2) basis then the  matrix  which  expresses  the T (H

1
 × H 2 ) basis  of R (H

1
 × H 2 ) basis  is M

1
M 2 . 

Proposition 4:[1]If m= n

nppp


........ 21

21
where g.c.d(pi,pj)=1 , if i≠j and pi 's are primes numbers, 

and αn any positive integers, then the matrix M(Q2m) of the quaternion group Q2m is : 

M(Q2m)=









































000001111

010001000

010001

)(2

01001

010001

110001000

111

)(2)(2

111

111

















m

mm

CR

CRCR

 

Which is [2(α1+1).(α2+1)….(αn+1)+1]×[ 2(α1+1).(α2+1)….(αn+1)+1] square matrix, where R(Cm) 

is the matrix which is obtained by omitting the last row {0,0,…,0,1}and the last column 

{1,1,…,1}from the tensor product, )(...)()(
2

2

1

1

n

nppp
CMCMCM   where M(Cm ) is of 

order,[(α1+1).(α2+1)….(αn+1)]×[ (α1+1).(α2+1)….(αn+1)] square matrix 

Proposition 5:[1]If m is odd then the matrix P(Q2m) and W(Q2m) are taking the forms: 













































100000000

00000

00000

)(

00000

00000

0

0

)()(

0

0

)( 2















m

mm

m

CP

CPCP
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1011110000
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k

k
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Where k= (α1+1).(α2+1)….(αn+1)-1.they are [2(α1+1).(α2+1)….(αn+1)+1]×[ 

2(α1+1).(α2+1)….(αn+1)+1] square matrix. 

III. THE MAIN RESULTS 

 In this section we find the general form of The Rational characters, The Artin's characters table and 

The Artin Cokernel of the group (Q2m C4) when m is an odd number . 

Proposition 6:The rational valued characters table of the group (Q2m×C4) when m is an odd number 

is equal to the tensor product of the rational valued characters table of Q2m when m is an odd 

number and the rational valued characters table of C4 that is:  )()()( 4242 CQCQ mm



  . 

Proof :-  

Table 2 The rational characters table of  C4 

C4 = {I, c, c
2
,c

3
 } 

Since                       


)( 4C            

 

 

={(I)} , ={c
2} , ={c,c

3
} then, 

 =  =2 

= =-2 

 =  =0 

 = =   =  = 1 

 =   = -1 

 =  =  = =   =   =1 

From the definition of   Q2m×C4, 

 and Theorem(1.3) we have 

≡(Q2m×C4) = (≡Q2m) (≡C4) 

Each element inQ2m×C4 

=  Q2m ,  C4 , 

1,2,3,…,4m , g {I,c,c
2
, c

3
}, 

each irreducible character of Q2m×C4  is  

= i . j  where i  is  an irreducible character of Q2m 

and  j  is the irreducible character of  C4 ,then































4

3

2

3

2

),(

3)(

},{2)(

},{2)(

},{1)(0

}{1)(2

}{1)(2

)(

Cgandjifh

ccgandjifh

cIgandjifh

ccgandjifh

cgandjifh

Igandjifh

h

ni

ni

ni

ni

ni

ni

ngji















 

From Corollary (1.2) 

1h  2h  3h 

1 1( )h 
1 1( )h  

1 2( )h 
1 2( )h 

1 3( )h 
1 3( )h 

2 1( )h 
2 2( )h 

2 1( )h 
2 2( )h 

2 3( )h 
2 3( )h 

3 1( )h 
3 2( )h 

3 3( )h 
3 1( )h 

3 2( )h 
3 3( )h 



ngh n gh h nh 
gh  

n  

 ,i j


 

 

   

 2 -2 0 

 1 1 -1 

 1 1 1 

1h  2h  3h 

1

2

3
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 = where  is the rational valued character of Q2m×C4 Then,  

( )=  

(I) (a) If  j=1 and {I} 

( )= ( )= = = i ( ) . 2  

= i ( ) . 
j  ( ) 

(b) If  j=1 and {c
2
} 

( )= 



)/))(((

))(2(
QhQGal

ni

nI

h


 = -  

= i ( ) . -2 = i ( ) . 
j  ( ) 

(c) if j=1 and {c,
3
} 

( )= 
 )/))(((

))(0(
QhQGal

ni

nI

h


 =0 
 )/))(((

))((
QhQGal

ni

nI

h


  = i ( ) . 0 = i ( ) . 
j  ( ) 

where i is the rational valued character of Q2m . 

(II) (a) If  j=2  and  {I,c
2
} 

( )= = i ( ) . 1 = i ( ) . j  ( ) 

   (b) If  j=2 and {c,c
3
} 

( )= =  

 = . -1= i ( ) .-1= 

i ( ) . j  ( ) . 

(III) If  j=3  and C4 

( )= = i ( ) . 1 = i ( ) . j  ( )      

From [I], [II] and [III] we have 

= i . j   . 

Then   ≡
*
( Q2m×C4)  =  ≡

*
( Q2m)  ≡

*
( C4) . 

Example 1: To find ≡
*
 (Q10×C4)by using the Proposition 6 we get the following table:   

 ,i j


 
 ,

,
( ( ) / )

( )
i j

i j
Gal Q Q 

 


  ,i j


 ,i j


ngh  
 ,

,
( ( ( )) / )

( ( ))
ngi j

ngi j
Gal Q h Q

h
 

 




g 

 ,i j


ngh  ,i j


ngh
( ( ( )) / )

(2 ( ))
i n

i n

Gal Q h Q

h
 

 



( ( ( )) / )

2 ( ( ))
i n

i n

Gal Q h Q

h
 

 


 nh

nh
gh

g 

 ,i j


ngh
( ( ( )) / )

2 ( ( ))
i n

i n

Gal Q h Q

h
 

 




nh nh
gh

g 

 ,i j


ngh nh nh
gh

g 

 ,i j


ngh
( ( ( )) / )

( ( ))
i n

i n

Gal Q h Q

h
 

 


 nh nh
gh

g 

 ,i j


ngh
( ( ( )) / )

( ( ))
i n

i n

Gal Q h Q

h
 

 



( ( ( )) / )

( ( ))
i n

i n

Gal Q h Q

h
 

 


 

( ( ( )) / )

( ( ))
i n

i n

Gal Q h Q

h
 

 


 nh

nh
gh

g 

 ,i j


ngh
( ( ( )) / )

( ( ))
i n

i n

Gal Q h Q

h
 

 


 nh nh
gh

 ,i j
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022220222202222

111111111111111

014140141401414

111111111111111

014140141401414
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111111111111111

014140141401414

111111111111111

014140141401414

000000444404444

000002222222222

000000282802828

000002222222222

000000282802828

 

Proposition 7: The If m= n

nppp


........ 21

21
where g.c.d(pi,pj)=1 , if i≠j and pi 's are primes numbers, 

and αn any positive integers, then the Artin's characters table of the quaternion group (Q2m×C4) is: 

Table 3 Rational characters table of the Quaternion group Q2m when m=2
h
,h ∈ Z

+
 

           - classes of  (Q2m)×{I}       - classes of 

(Q2m)×{z
2
} 

      - classes of  (Q2m)×{z} 

- 

classe

s 

],1[ I

 

],[ Ixm

 
…

 ],[ Ix

 

],[ Iy

 

],[ 2zI

 

],[ 2zxm

 
⋯ ],[ 2zx

 

],[ 2zy

 
],[ zI  ],[ zxm

 
⋯ ],[ zx

 
],[ zy  

 1 1 … 2 m
 

1 1 ⋯ 2 m
 

1 1 ⋯ 2 m 

)(
32 CLC CQ m 

 

16

m 

16

m 

… 8

m 

16
 

16

m 

16

m 

⋯ 8

m 

16
 

16

m 

16

m 

⋯ 8

m 

16 

(1,1)  

4Ar(Q2m) 

 

0 

 

0 (2,1) 

┇ 

(l ,1) 

(l+1,

1) 

(1,2)  

 

2Ar(Q2m) 

 

 

2Ar(Q2m) 

 

 

0 

 

(2,2) 

┇ 

(l ,2) 

(l+1,

2) 

(1,3)  

Ar(Q2m) 

 

Ar(Q2m) 

 

Ar(Q2m) 

 

(2,3) 

┇ 

(l ,3) 

CL
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which is [6(r1+1)(r2+1)⋯(rn+1)+3]×[6(r1+1)(r2+1)⋯(rn+1)+3] square matrix                                              

Proof  :   Let g ∈ (Q2m×C4) ;g=(q,I) or g=(q,z) 

or g=(q,z
2
)or g=(q,z

3
) q ∈Q2m ,I,z,z

2
,z

3
 C4 

Case (I):  

If H is a cyclic subgroup of Q2m × {I},then: 

1.H= (x,  I)   2. H= (y,  I)       

And  the principal character of  H, j Artin characters  

of Q2m where 21  lj  then by using Theorem 2  

1. H= (x,  I)     

(i) If g=(1,I)  and g∈H 

)(
)(

)(
)),1((

42

)1,( g
gC

gC
I

H

CQ

j

m 


)1(.4)1(.
)1(

)1(4
1.

)1,(

4.4
1.

)1,(

16 2

j

x

Q

HH C

C

IC

m

IC

m m

    

since H ∩CL(1,I)={(1,I)} 

(ii)   if g=
),( Ixm

and g∈H 

)(
)(

)(
)(

42

)1,( g
gC

gC
g

H

CQ

j

m




 

)(.4)(.
)(

)(4
1.

)(

4.4
1.

)(

16 2 m

jm

x

m

Q

HH

xg
xC

xC

gC

m

gC

m m

 

 
since H ∩CL(g)={g},𝜑(g)=1 

(iii) if g= miIx i ),,( and mi 2 and g∈H 

 
)11(

)(

8
))()((

)(

)(
)( 1

)1,(

42

gC

m
gg

gC

gC
g

HH

CQ

j

m

 )(.4))()(.(
)(

)(4
)11.(

)(

2.4 12

qgg
qC

qC

gC

m
j

x

mQ

H

 



  

since H∩CL(g )={g,g
-1

} and (g)= (g
 -1

)=1,g=(q,I),q∈ Q2m and q≠ x
m
  ,q≠1. 

(iv)  if g  H  Since H∩CL(g)=   

2. H= (y,  I)   ={(1,I),(y,I),(y
2
,I),(y

3
,I)} 

(i) If g=(1,I)                     H∩CL(1,I)={(1,I)} 

       )(
)(

)(
)(

42

)1,1( g
gC

gC
g

H

CQ

l

m





)1(.441.

4

16
1 lm

m
 

(ii) If  g= ( Ixm , )=(y
2
,I) and g∈ H 

 )(
)(

)(
)(

42

)1,1( g
gC

gC
g

H

CQ

l

m





)(.441.

4

16
1

m

l xm
m

  

Since H∩CL(g)={g} ,𝜑(g)=1 

(iii) g=(y,I) or g=(y
3
,I) and g∈H 

(l+1,

3) 
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 ))()((
)(

)(
)( 1

)1,1(

42 

  gg
gC

gC
g

H

CQ

l

m

 )(.42.4)11.(
4

16
1 yl  

since H∩CL(g )={g,g
-1

} and (g)= (g
 -1

)=1 

Otherwise  

 0)()1,1(   gl   since H∩CL(g)=∅ 

Case (II):  

If H is a cyclic subgroup of Q2m × {z
2
},then: 

1.H= (x,  I)  = 2,( zx        2. H= (y,  I) = 2,( zy       

 And  the principal character of H, j Artin characters of Q2m where 21  lj  then by using 

Theorem 2  

1. H= (x,  I) = 2,( zx   

(i) If g=(1,I) or g=(1,z
2
) and g∈H 

)(
)(

)(
)),1((

42

)2,( g
gC

gC
I

H

CQ

j

m




)1(.2)1(.
)1(2

)1(4
1.

)1,(

4.4
1.

)1,(

16 2

j

x

Q

HH C

C

IC

m

IC

m m

    

since H∩CL(1,I)={(1,I),(1,z
2
)} 

(ii)   if g= ),( Ixm
and g∈ H 

)(
)(

)(
)(

42

)2,( g
gC

gC
g

H

CQ

j

m




)(.2)(.
)(2

)(4
1.

)(

4.4
1.

)(

16 2 m

j
m

x

m

Q

HH

xg
xC

xC

gC

m

gC

m m

 

 
since H ∩CL(g)={g},𝜑(g)=1 

(iii) if g= miIx i ),,( and mi 2 and g∈H 

 
)11(

)(

8
))()((

)(

)(
)( 1

)2,(

42

gC

m
gg

gC

gC
g

HH

CQ

j

m

 )(.2))()(.(
)(2

)(4
)11.(

)(

2.4 12

qgg
qC

qC

gC

m
j

x

mQ

H

 



  

since H∩CL(g )={g,g
-1

} and (g)= (g
 -1

)=1,g=(q,I),q∈ Q2m  

and 1,  qxq m  

(iv)  if gH Since H∩CL(g)=

 

  

          

2. H= (y,  I)   ={(1,I),(y,I),(y
2
,I),(y

3
,I), (1, z

2
),(y, z

2
),(y

2
, z

2
),(y

3
,z

2
)} 

(i) If g=(1,I) or g=(1,z
2
)                     H∩CL(1,I)={(1,I), (1,z

2
)} 

)(
)(

)(
)(

42

)2,1( g
gC

gC
g

H

CQ

l

m





)1(.221.

8

16
1 lm

m
 

)(.20.2)()2,( qg jj   

(ii) If  g= ( Ixm , )=(y
2
,I) or g=(y

2
,z

2
) and g∈ H 

 )(
)(

)(
)(

42

)2,1( g
gC

gC
g

H

CQ

l

m




 )(.221.
8

16
1

m

l xm
m
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Since H∩CL(g)={g} ,𝜑(g)=1 

(iii) g=(y,I) or g=(y
3
,I) or g=(y,z

2
) or g=(y

3
, z

2
) and g∈H 

 ))()((
)(

)(
)( 1

)2,1(

42 

  gg
gC

gC
g

H

CQ

l

m

 )(.22.2)11.(
8

16
1 yl  

since H∩CL(g )={g,g
-1

} and (g)= (g
 -1

)=1 

Otherwise  

 0)()2,1(   gl     since H∩CL(g)= 

Case (III):  

If H is a cyclic subgroup of (Q2m× {z}),then: 

1.H= (𝑥,  𝑧)  = ),( 2zx = ),( 3zx     

2. H= (𝑦,  𝑧) = ),( 2zy = ),( 3zy      

And  the principal character of  H, j Artin characters of Q2m where 21  lj then by using 

Theorem 2 

  1.H= (𝑥,  𝑧)   

(i) If g=(1,I) or g=(1,z)or g=(1,z
2
) or g=(1,z

3
) and g∈H

  

)(
),1(

)(
)(

42

)3,( g
IC

gC
g

H

CQ

j

m




)1()1(.
)1(4

)1(4
1.

),1(

4.4
1.

),1(

16 2

),(

j

x

Q

zxH C

C

IC

m

IC

m m

   

 since H ∩CL(g)={(1,I),(1,z),(1,z
2
),(1,z

3
)}  

(ii) If g=(1,I) or g=(x
m
,I) or g=(x

m
,z) or g=(1,z)or g=(x

m
,z

2
 ) or g=(1,z

2
)or g=(1,z

3
) or g=(x

m
,z

3
 ) 

and g∈H  

(a) if  g=(1,I) or g=(1,z) or g=(1,z
2
) or g=(1,z

3
) and g∈H. 

)(
)(

)(
)(

42

)3,( g
gC

gC
g

H

CQ

j

m




)1()1(.
)1(4

)1(4
1.

)(

4.4
1.

)(

16 2

),(

j

x

Q

zxH C

C

gC

m

gC

m m

   

since H ∩CL(g)={g},𝜑(g)=1

 (b)If g=(x
m
,I) or g=(x

m
,z) or g=(x

m
,z

2
) or g=(x

m
,z

3
 ) and g∈H 

)(
)(

)(
)(

42

)3,( g
gC

gC
g

H

CQ

j

m




)()(.
)(4

)(4
1.

)(

4.4
1.

)(

16 2 m

j

m

m

x

m

mQ

HH

xx
xC

xC

gC

m

gC

m
   

since H ∩CL(g)={g},𝜑(g)=1 

(iii) If g )},(),,(),,(),,{( 32 zxzxzxIx iiii ,i≠m,i≠2m and g∈H 

)11(
)(

8
))()((

)(

)(
)( 1

)3,(

42

 

gC

m
gg

gC

gC
g

HH

CQ

j

m


)())()(.(

)(4

)(4
)11.(

)(

2.4 12

qgg
qC

qC

gC

m
j

x

mQ

H

 




 

since H∩CL(g )={g,g
-1

} and (g)= (g
 -1

)=1,g=(q,z)=(q,z
3
),q∈ Q2m and q≠ mx ,q≠1                                                                                      

(i)  if g∉H        Since H∩CL(g)=

 

  

 

 
0)(),(  gj
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2. H= ),( zy  ={(1,I),(y,I),(y
2
,I),(y

3
,I),(1,z),(y,z),(y

2
,z),(y

3
,z), (1,z

2
),(y,z

2
),(y

2
,z

2
),(y

3
,z

2
), 

(1,z
3
),(y,z

3
),(y

2
,z

3
),(y

3
,z

3
)} 

(i) If g=(1,I) or g=(1,z) or g=(1,z
2
 ) or g=(1,z

3
 )and g∈H                     

H∩CL(g)={(1,I),(1,z),(1,z
2
) ,(1,z

3
)} 

       )(
)(

)(
)(

42

)3,1( g
gC

gC
g

H

CQ

l

m




 )1(.1.
16

16
1 lm

m
 

(ii) If  g= ( Ixm , )=(y
2
,I) or g= (y

2
,z) or g=(y

2
,z

2
) or g=(y

2
,z

3
)  and g∈ H 

 )(
)(

)(
)(

42

)3,1( g
gC

gC
g

H

CQ

l

m




 )(1.
16

16
1

m

l xm
m

  

Since H∩CL(g)={g} ,𝜑(g)=1 

(iii) g=(y,I)or g= (y,z)or g=(y,z
2
) or g=(y,z

3
) or g=(y

3
,I2)or  

               g= (y
3
,z) or g= (y

3
,z

2
) or g= (y

3
,z

3
) and g∈H 

 ))()((
)(

)(
)( 1

)3,1(

42 

  gg
gC

gC
g

H

CQ

l

m

 )(2)11.(
16

16
1 yl  

since H∩CL(g )={g,g
-1

} and (g)= (g
 -1

)=1 

Otherwise  

 0)()3,1(   gl     since H∩CL(g)=∅ 

Example 2: To find Ar (Q10×C4)by using the Proposition 7 we get the following table























































105051050510505

011110111101111

002020020200202

000550005500055

000010000010000010

0000020100102010010

000000222202222

000000040400404

0000000010100001010

00000000020000020

00000000004020020

000000000004444

000000000000808

00000000000002020

0000000000000040

 

Proposition 8: If m= n

nppp


........ 21

21 where g.c.d(pi,pj)=1 , if i≠j and pi 's are primes numbers, and 

αn any positive integers, then the matrix M(Q2m×C4) of the quaternion group (Q2m×C4) is: 



















)(00

)()(0

)()()(

)(

2

22

222

42

m

mm

mmm

m

QM

QMQM

QMQMQM

CQM
 

which is [6(r1+1)(r2+1)⋯(rn+1)+3]×[6(r1+1)(r2+1)⋯(rn+1)+3] square matrix M (Q2m) is similar to 

the matrix of the proposition 4 . 
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Proof :By Proposition 7 we obtain the Artin's characters Table Ar(Q2m×C4) of the group (Q2m×C4) 

when m= n

nppp


........ 21

21
𝛼n ∈ Z

+
 and pi is prime number and from the Proposition 6 we get the 

rational valued characters table ))(( 42 CQ m 


of the group (Q2m×C4) when m= n

nppp


........ 21

21
 

,𝛼n ∈ Z
+
 and pi is prime number. 

Thus, by definition of M(G) we can find the matrix M(Q2m×C4) when n

nppp


........ 21

21
 ,𝛼n ∈ Z

+
 and 

pi is prime number. 

1

424242 ))(()()( 


 CQCQArCQM mmm  )(

)(00

)()(0

)()()(

42

2

22

222

CQM

QM

QMQM

QMQMQM

m

m

mm

mmm





















Example 3:Consider the group (Q10×C4), we can find the matrix  M(Q10×C4) by using: 

    





















































 


000110000000000

010100000000000

010100000000000

010100000000000

112120000000000

000110001100000

010100101000000

010100101000000

010101101000000

112121121200000

000110001100011

010100101001010

010100101001010

110101101011010

112121121211212

)()()( 1

410410410 CQCQArCQM

 

 

Proposition 9: If m= n

nppp


........ 21

21
where g.c.d(pi,pj)=1 , if i≠j and pi 's are primes numbers, and 

αn any positive integers, then the matrices P(Q2m×C4) and W(Q2m×C4) are taking the forms :  





















0)()(

)()(0

)(00

)(

22

22

2

42

mm

mm

m

m

QPQP

QPQP

QP

CQP
 

Which is  [6(r1+1)(r2+1)⋯(rn+1)+3]×[6(r1+1)(r2+1)⋯(rn+1)+3] square matrix . 

And  



















)(00

0)(0

00)(

)(

2

2

2

42

m

m

m

m

QW

QW

QW

CQW
 

which is  [6(r1+1)(r2+1)⋯(rn+1)+3]×[6(r1+1)(r2+1)⋯(rn+1)+3] square matrix . 

Proof : 

By using the proposition 8 taking the matrix M(Q2m×C4) and the above forms P(Q2m×C4) and 

W(Q2m×C4) then we have : P(Q2m×C4). M(Q2m×C4). W(Q2m×C4) =  

diag }1,1,1,1,1,1,1,1,1,2,,2,2,2,2{

]6)1()1)(1(6[ 21

 
 timerrr n 

 

                                                          =D(Q2m×C4) 

  which is [6(r1+1)(r2+1)⋯(rn+1)+3]×[6(r1+1)(r2+1)⋯(rn+1)+3] square matrix . 
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Example 4: To find the matrices P(Q10×C4) and W(Q10×C4) by the proposition 5 to find P(Q10) 

and W(Q10) : 

 

andCQP



















































































000001000010000

000000100001000

000000110001100

000000101001010

000000111101111

100001000000000

010000100000000

011000110000000

010100101000000

011110111100000

100000000000000

010000000000000

011000000000000

010100000000000

011110000000000

)( 410

 





































































000100000000000

111000000000000

000010000000000

101000000000000

001000000000000

000000001000000

000001110000000

000000000100000

000001010000000

000000010000000

000000000000010

000000000011100

000000000000001

000000000010100

000000000000100

)( 410 CQW

 

 

And by the proposition 9 then: 





















0)()(

)()(0

)(00

)(

1010

1010

10

410

QPQP

QPQP

QP

CQP  



















)(00

0)(0

00)(

)(

10

10

10

410

QW

QW

QW

CQWand  

 

Example 5: To find D(Q10×C4) and the cyclic decomposition of the factor group  

We find the matrices P(Q10×C4) and W(Q10×C4) as in example 4 and M(Q10×C4) as in example 

3,then : 

P(Q10×C4).M(Q10×C4).W(Q10×C4)= 

     diag{2,2,2,2,2,2,1,1,1,1,1,1,1,1,1}=D(Q10×C4) 

Then by Theorem 6 we have  

                     AC(D(Q10×C4)= 2

6

1
C

i
  

The following theorem gives the cyclic decomposition of the factor group AC(D(Q2m×C4)) when 

m= n

nppp


........ 21

21
where g.c.d(pi,pj)=1 , if i≠j and pi 's are primes numbers, and αn any positive 

integers,  . 

Theorem 6: If m= n

nppp


........ 21

21
where g.c.d(pi,pj)=1 , if i≠j and pi 's are primes numbers, and αn 

any positive integers,  then the cyclic decomposition of  AC(Q2m×C4) is : 

           AC(D(Q2m×C4))= 2

6)1()1)(1(6

1

21

C
nrrr

i







 

Proof : By using the proposition 8,we can find matrix M(Q2m×C4) and by the proposition 9,we find 

P(Q2m×C4) and W(Q2m×C4) when n

nppp


........ 21

21
where g.c.d(pi,pj)=1 , if i≠j and pi 's are primes 

numbers, and αn any positive integers: 

P(Q2m×C4). M(Q2m×C4). W(Q2m×C4)= 

                                  diag{2,2,2,2,2,2,…,2,2,2,1,1,1,1,1,1,1,1,1} 

Then ,by the theorem 6 we have : 

        AC(D(Q2m×C4))= 2

6)1()1)(1(6

1

21

C
nrrr

i
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Example 6: Consider the groups (Q17718750×C4) ,(Q12250×C4),then : 

1. 
2

414

1
4.7.52.3417718750 )()( 64 CCQACCQAC

i
  

2. 2

66

1
4.52.7412250 )()( 32 CCQACCQAC

i
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